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P R O P A G A T I O N  

We examine the propagation of a disturbance front in a mult i layered medium separated by locally 
permeable  zones.  Relations are  derived which make it possible to determine for different regimes  the po-  
sition of the moving boundary and the p re s su re  at the outer impermeable  boundary. It is shown that for  
certain values of the layer  pa ramete r s  the disturbance front may not reach the natural  boundary. It is 
found that if the disturbance front propagates to the outer boundary, then at this boundary there is a l imit-  
ing value of the p res su re  af ter  which it will not change. Formulas  are  obtained for finding the limiting 
length of the disturbance front and the limiting value of the p res su re  at the outer boundary. 

The study of disturbance front propagation in liquid and gas motion in a mult i layered medium is of 
great  importance in hydrogeology, and also in the exploitation of oil and gas deposits [1, 2]. The exact 
mathemat ical  study of these questions involves t remendous difficulties. Even for  the s implest  problems,  
which are amenable to exact solution, the formulas  obtained are  complex in form and it is very  difficult 
to c a r r y  out numerical  calculations using them and draw any pract ica l  conclusions.  Therefore ,  the de- 
velopment of special  approximate methods [2-4] and the use of computers  for the solution of liquid and gas 
flow problems in mult i layered media are  par t icu lar ly  important [5-7]~ 

Assume a ba t te ry  of wells, replaceable by a gallery,  is put into operation with the constant f lowrate 
q in a semi-infini te  s t ra tum of thickness h and permeabi l i ty  k. At the initiaI t ime the p res su re  at any point 
of the s t ra tum is constant and equal to P0. The s t ra tum floor is considered impermeable .  Above this 
s t ra tum there extends another s t ra tum,  which is separated f rom the f i rs t  by a relat ively impervious Iayer  
and has the constant p r e s s u r e  p~ The relat ively impermeable  layer  between the s t ra ta  contains locaIly 
permeable  zones. It is assumed initially that there is only a single locally permeable  zone of width ( a 2 - a  t) 
with permeabi l i ty  k* and thickness b*.  

For  the exact mathematical  solution of this problem we must  integrate the differential equation 

O~p . O~p t Op 

for the two-dimensional  region with the boundary and initial conditions 

i = o ,  u<~<r162 OP~o for ~--h, O ~ x ~ a :  
Oy = h, a~ ~ x <~ oo 

p = pO fory~ h-~- b*, a l ~ x ~ a 2  

k hOP ~- ~x=q for ~=0, p=po  for t = 0  

(2) 

The piezoconduetivity u and the other coefficients a re  assumed to be constant. 

The descr ibed problem is solved using approximate methods, the essence of which is that the entire 
region is broken down into per turbed and unperturbed zones.  The p r e s s u r e  distribution law in the p e r -  
turbed zone is specified, and in the unperturbed zone it is taken to be the original  distribution law [2-4]. 
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We e x a m i n e  the  f i r s t  p r e s s u r e  r e d i s t r i b u t i o n  p h a s e ,  and the  
d i s t r i b u t i o n  law in the  d i s t u r b e d  zone is  t a k e n  in t he  f o r m  

Ixlq [t  x \ 2  P = p 0 - - ~ \  - - : )  (3) 

Thi s  equa t ion  s a t i s f i e s  t he  cond i t ions  0 p / 0 x  =0,  p = P0 fo r  
x = l ( t ) .  

H e r e  l (t) i s  the  d i s t u r b a n c e  f r o n t  length  m e a s u r e d  f r o m  the  
g a l l e r y ,  and # is  the  l iqu id  v i s c o s i t y .  

The  quan t i t y  l (t) in (3) i s  found f r o m  the  m a t e r i a l  b a l a n c e  
equa t ion .  

Le t  dql  b e  the  l iqu id  m a s s  w i t h d r a w n  b y  the  g a l l e r y  d u r i n g  the  t i m e  i n t e r v a l  dt .  Then  

dql = qdt 

The  amoun t  of l iqu id  o b t a i n e d  a s  a r e s u l t  of e l a s t i c  s t o r a g e  i s  found f r o m  

q~ = ~hl (p - -  p.~ 

H e r e  {3 i s  "the e l a s t i c  c a p a c i t y  coe f f i c i en t  of t he  s t r a t u m  and l iqu id .  

On the  b a s i s  of (3) t he  we igh t ed  m e a n  p r e s s u r e  p.~ is  found in t he  f o r m  

~ql 
P,~ = pc 6kh 

(4) 

(5) 

(6) 

F r o m  (5) and (6) we ob ta in  

dq2 = q dt (7) 

As  i s  known,  t he  q u e s t i o n  of accoun t  f o r  t he  amoun t  of f lu id  which  l e a k s  f r o m  one s t r a t u m  into the  
o t h e r  i s  i m p o r t a n t  in t he  so lu t i on  of flow p r o b l e m s  in m u l t i l a y e r e d  m e d i a  [2]. 

Le t  t he  amoun t  of f lu id  l e a k i n g  t h r o u g h  t h e  l o c a l l y  p e r m e a b l e  zone  of t he  r e l a t i v e  i m p e r m e a b l e  l a y e r  
d u r i n g  the  t i m e  i n t e r v a l  dt  be  dq3. Then  

dq3 ~q k* 
dt - -  Qy = ff[ IF- (a, - -  al) --  l (az 2 --  at ~) -~- 1/3 (az 8 --  aza)], c~ = khb* (8) 

In ob ta in ing  (8) we have  a s s u m e d  tha t  P0 =P" =0.  W e  s e e  f r o m  (8) tha t  the  amount  of c r o s s f l o w  f lu id  
depends  not  only  on the  p a r a m e t e r s  of t he  a c t i v e  s t r a t u m ,  but  a l s o  on the  p a r a m e t e r s  of t he  r e l a t i v e l y  i m -  
p e r m e a b l e  l a y e r .  Since  

dql = dqz ~- dqa (9) 

we ob ta in  f r o m  (4), (7), and (8) 

ldl 
•  = 3 [ t  -- I/2 ~ l - z  [l,Z (a2 -- al )  - -  l (a~ ~ -- az 2) + I/8 (a~ 3 -- a13)]} ( 1 0 )  

Thus  we have  ob t a ined  the  d i f f e r e n t i a l  equa t ion  f o r  d e t e r m i n i n g  the  unknown l (t) when the  r e l a t i v e l y  
i m p e r m e a b l e  l a y e r  h a s  only  a s i ng l e  l o c a l l y  p e r m e a b l e  zone  of width  ( a 2 - a l ) .  I n t e g r a t i o n  of (10) in t he  l i m -  
i t s  f r o m  0 to t and f r o m  0 to  l ,  r e s p e c t i v e l y ,  l e a d s  to  t he  e x p r e s s i o n  

~ t  t B C 4 -  3 ~ t  ~ ( a 2 - -  a l )  - -  BI  B ~ - -  6 ~ ' ( a z  ~ - -  al 3) (a2 - -  az) l 1 ( B  4 -  A )  - -  2 C  
2----3:c(a~------~'z +lSu~(az--al) In C + 18uZ(a2__az)%4 -ln ( B - - A ) - - 2 C  

A = {[6 4- 3a (a~ ~ -- al~)] ~ -- 12a 2 (a23 - -  a l  s )  ( a  2 - -  al)} U2 

B = 6 -~- 3a (a2 ~ - -  a12), C = u (a~ ~ - -  a ? )  ( 1 1 )  

ThiS equa t ion  m a k e s  i t  p o s s i b l e  to d e t e r m i n e  the  p o s i t i o n  of the  m o v i n g  b o u n d a r y  f o r  any t i m e .  ff 
we c o n s i d e r  the  d i s t r i b u t i o n  law (3) a s  we l l ,  we  can  f ind  the  p r e s s u r e  at  any  s e c t i o n  of t he  s t r a t u m  be ing  
e x p l o i t e d  at  any t i m e .  
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We note  that  l i m i t i n g  r e g i m e s  have b e e n  found in the s tudy of f luid mot ion  in m u l t i l a y e r e d  m e d i a  [2]. 
It has  been  e s t a b l i s h e d  that  for  c e r t a i n  va lues  of the p a r a m e t e r s  of the r e l a t i v e l y  i m p e r m e a b l e  l a y e r  and 
the  exploi ted s t r a t u m ,  the  d i s t u r b a n c e  f ron t  m a y  not r e a c h  the  n a t u r a l  b o u n d a r y  of the s t r a t u m .  In o the r  
words ,  the  l i m i t i n g  pos i t i on  of the d i s t u r b a n c e  f ron t  depends  on the p e r m e a b i l i t y  and t h i c k n e s s  of the s t r a t u m  
and of the  l e s s  p e r m e a b l e  l a y e r .  The ex i s t e nc e  of a d i s t u r b a n c e  f ron t  p ropaga t ion  l i m i t  was f i r s t  shown 
by P o l u b a r i n o v a - K o c h i n a  in [8]. F u r t h e r ,  if the p a r a m e t e r s  of the s t r a t u m  and l e s s  p e r m e a b l e  l a y e r  a re  
such that  the d i s t u r b a n c e  can  r e a c h  the i m p e r m e a b l e  ou te r  b o u n d a r y  of the s t r a t u m ,  t h e r e  wil l  be  a l i m i t i n g  
va lue  of the p r e s s u r e  at the ou te r  boundary ,  a f t e r  which the  p r e s s u r e  wil l  not change .  The idea  of the ex-  
i s t ence  of a l i m i t i n g  va lue  of the p r e s s u r e  i m p e r m e a b l e  b o u n d a r y  was f i r s t  p roposed  by H u s s e i n - z a d e  [2]. 

Approx ima te  me thods  and c o m p u t e r s  have  been  used  to d e t e r m i n e ,  r e s p e c t i v e l y ,  the m a x i m a l  d i s -  
t u r b a n e e  f ron t  t r a v e l  and the  l i m i t i n g  p r e s s u r e  at the outer" i m p e r m e a b l e  bounda ry  for  v a r i o u s  c a se s  [9]. 

The l i m i t i n g  va lue  of the d i s t u r b a n c e  f ron t  p ropaga t ion  for  the ca se  in ques t i on  h e r e  is  found f r o m  (10) 

t ,  = 6 + 3 ~  (a,~ ~ - -  a l  ~) + ( [ 6  @ 3 ~  ( a 2 "  - -  a1~)] ~ - -  1 2 ~  2 (a~ 3 - -  al~)} 'A ~ (a2 - -  a , )  ( 1 2 )  

F r o m  the f o r m u l a s  p r e s e n t e d  above,  we can f ind the so lu t ions  for  the case  in which t h e r e  is a f luid 
c ross f low along the  e n t i r e  length of the r e l a t i v e l y  i m p e r m e a b l e  l a y e r .  To do th i s  we subs t i tu t e  a t =0 and 

a 2 = l into the f o r m u l a s  obta ined above .  Then  

6 
l, = l/'6-~ -'1~, l ~ = ~- [t -- exp (-- 2• 

T h e s e  r e s u l t s  co inc ide  with the  f o r m u l a  of [2]. Thus ,  we have obta ined  f o r m u l a s  which make  it p o s -  
s ib le  to d e t e r m i n e  the p r e s s u r e  at any sec t ion  of the  s t r a t u m  at an a r b i t r a r y  t i m e  for  the case  in which the 
d i s t u r b a n c e  has not  yet  r e ached  the ou te r  b o u n d a r y  of the s t r a t u m .  

If the condi t ion  is  spec i f i ed  at the bounda ry  

p = p, for x = 0 

then  the so lu t ion  of the  d e s c r i b e d  p r o b l e m  is ob ta ined  in the f o r m  

l B 3 l ~ ( a 2 - - a l ) a - J - C - - B l  B ~ - - 6 u ~ ( a ~ 3 - - a l ~ ) ( a ~ - - a l )  I ( B @ A ) - - 2 C  
zt ~ -- 3x (a~ --~-~) -[- 18u ~ (a2 -- al) In C -~- - t8:t ~ (as - -  al)~A in 7 (B -- A) -- 2C (13) 

F o r m u l a  (13) is  obta ined  for  

p = po - (po - p , )  ( t  - x/l)~ (14) 

Equa t ion  (14) s a t i s f i e s  the  condi t ions  

P =P0 for x ~  I(t), p = p ,  for x =  0 

The l i m i t i n g  va lue  of the d i s t u r b a n c e  f ron t  length  for  th is  case  is  a l so  found us ing  (12). 

It fol lows f r o m  these  f o r m u l a s  that ,  r e g a r d l e s s  of the  ope ra t ing  r e g i m e ,  the m a x i m a l  t r a v e l  of the 
b o u n d a r y  of the d i s t u r b e d  and u n d i s t u r b e d  zones  has  the  s a m e  e x p r e s s i o n .  However ,  th is  l i m i t i n g  d i s t a n c e  
is r e ached  at d i f f e ren t  t i m e s  for  each of the c a se s  in ques t ion .  Ac tua l ly ,  we see  f r o m  (11) and (13) that  the 
m a x i m a l  va lue  of the d i s t u r b a n c e  f ron t  length,  when ope ra t ing  in  the  cons tan t  p r e s s u r e  r e g i m e ,  is  r e ached  
twice  as  fas t  as in  the cons t an t  f l owra te  r e g i m e .  Th i s  c i r c u m s t a n c e  is a l so  of p r a c t i c a l  i n t e r e s t  in that  
a f t e r  a def in i te  pe r iod  of t i m e  the g a l l e r y  wil l  be  e s s e n t i a l l y  suppl ied  only by the uppe r  s t r a t u m ,  loca ted  
above the r e l a t i v e l y  i m p e r m e a b l e  l a y e r .  

We note  that  t h e r e  a r e  no t e r m s  c h a r a c t e r i z i n g  the p r e s s u r e  change th rough  the  t h i c k n e s s  of the 
s t r a t u m  in  the p r e s s u r e  d i s t r i b u t i o n  r e l a t i o n s  used  o r  in the a p p r o x i m a t e  f o r m u l a s  used  in [2] to so lve  
flow p r o b l e m s  in a m u l t i l a y e r e d  m e d i u m .  Th i s  is expla ined  by the fact  tha t  unde r  n a t u r a l  condi t ions  the 
p e r m e a b i l i t y  of the  r e l a t i v e l y  i m p e r m e a b l e  l a y e r  is  much  l e s s  than  that  of the s t r a t u m  be ing  exploi ted [2]. 
T h e r e f o r e ,  fo r  v e r y  l a r g e  va lues  of the ra t io  k /k*  we can neg lec t  the p r e s s u r e  change in the v e r t i c a l  d i -  
r e c t i o n .  F i g u r e  1 p r e s e n t s  the r e s u l t s  of c o m p u t e r  e x p e r i m e n t s  conducted  for  

p* = 90atm , p ~  aim, p, = 20aim,, a 1=  3m 

a ~ 6 m ,  k * : k = 0 . 2  L = 3 3 m , h = i 5 r n ,  b * = 3 m  
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where p* is the pressure in the injection gallery, and p, is the pressure in the active gallery. 

The results shown in Fig. :[ were obtained for a~ analogous ease with steady flew. We see from 

Fig~ 1 that even for k = 5k* the equipotential lines will be nearly straight. The accuracy of the approximate 
methods used has been evaluated several times [2, 9, I0]. 

If the disturbance reaches the outer boundary of the stratum, the second redistribution phase starts. 
Then 

1 (t) = L = const, Pc = P~ (t) = vat 

H e r e  L i s  the  d i s t a n c e  f r o m  t h e  g a l l e r y  to t h e  o u t e r  edge  of t he  s t r a t u m ,  and  p~( t )  i s  t he  p r e s s u r e  
a t  t h e  o u t e r  i m p e r m e a b l e  b o u n d a r y  of t h e  s t r a t u m .  

P r o c e e d i n g  a s  a b o v e ,  we c a n  f i nd  t h a t  

dq~ = 1/2aqL-1 [L 2 (a 2 - -  a l ) - -  L (a22 -- al ~) + 1/s (a2 a -- %~)1 dt  (16) 

U s i n g  (4), (15), (16) and  c o n s i d e r i n g  (9), we  o b t a i n  

qdt {i --  a/2aL-~ [L 2 (a~ - -  al) ~ L (a22 - -  aa 2) + a/3 (a2 s - -  a18)]} = - - ~ h L d p o  ~ (17) 

I n t e g r a t i o n  of (17) in  t h e  l i m i t s  f r o m  P0 to p ~  and  f r o m  0 to t ,  r e s p e c t i v e l y ,  l e a d s  to  t h e  s o l u t i o n  

qt a , _ 
l,+ (t) = po --  i T I Z { I - - i ~ [ L ' ( a = - - ~ 3 - - L ( , . , ' - - a , ' ) + ~ j }  (18) 

If t h e  f l u id  l e a k s  a l o n g  t h e  e n t i r e  l e n g t h  of t h e  r e l a t i v e l y  i m p e r m e a b l e  l a y e r ,  we o b t a i n  a s  a p a r t i c u -  
l a r  c a s e  f r o m  (18) 

w h i c h  c o i n c i d e s  w i t h  t h e  f o r m u l a  of [2]. If  t he  a c t i v e  s t r a t u m  does  no t  h a v e  any  c o n n e c t i o n s  wi th  t he  o v e r -  
l y i n g  s t r a t u m  (c~ =0) ,  t h e n  (19) t a k e s  t h e  f o r m  

qt 
p ~  (t) = p~ - ~ ( 2 0 )  

F o r  t he  c a s e  in  w h i c h  t h e  p r e s s u r e  in  t he  g a l l e r y  is  g i v e n ,  t he  e q u a t i o n s  f o r  f i n d i n g  d and  dq3 t a k e  
t h e  f o r m  

kh 2 (p~--  p.) (21) 
dql  ~ ~ L dt 

~:~ a23 - -  ~13 - -  a 2 ~ -  r 2 ~23--~i  3 

U s i n g  (15), (21), and  (22), we  o b t a i n  

2 L d p ~  (23) 
xd t  = - -  

p ~ B  (~) --  3up0 (a~ --  al) + p. [3~ (a2 -- al) -- B (u)] 

3z~ (up--  a~ ~) 6 3~ (a~ -- a?) 
B (~) = L + L - -  3L ~ 

The limiting value of the pressure at the outer impermeable boundary is found in the form 

p~o = p, B-1 (a) [B ((~) -- 3a (a~ -- ai)] + 3B ( a ) p ~  (a2 -- a3 (24) 

F o r  t h e  c a s e  in  wh i c h  t h e  f l u i d  l e a k s  a l o n g  t h e  e n t i r e  l e n g t h  of  t h e  r e l a t i v e l y  i m p e r m e a b l e  l a y e r  
( a 2 = L ,  a 1 = 0 ,  p0=0) ,  (24) t a k e s  t h e  f o r m  [2] 

P. [ ~L ~ 
Pod-- 3 + aL~ \ 3 - - - - T )  (25) 

Integration of (23) from 0 to t and from P0 to p~, respectively, yields 

p c ~ ( t ) = p . [ l  3U(a~--~)](  l e x p - - ~  )• 
- -  B ( 7  - -  ~ ( 2 6 )  
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If the act ive  s t r a tum is connected with the overlying s t r a tum through a la rge  number  of locally p e r -  
meable  zones,  the solution will be obtained in the f o r m  

{ 3u[(a2--al)-~-'"-]-(a2n--a2n-1)]}(" - - B ( ~ t ) •  
p~(t)=p, I - -  B ( ~ )  ~ l - - e x p ~ j  (27) 

Here  n takes  posi t ive  in tegra l  va lues .  F o r  the case  of fluid crossf low along the ent i re  length of the 
re la t ive ly  i m p e r m e a b l e  l ayer  (a I = 0, a 2 = L . . . . .  a2n =a2n-i), we have the solution obtained prev ious ly  [2] 

p ,  / c~L'\ [ - -  (uL~ + 3) u t ]  
p~ (t) -- 3 -~ ctL~ [3 - -  - T ]  'i - -  exp L~ (28)  \ / 

However ,  if t he r e  is no connection between the act ive  and overlying s t ra ta ,  (28) takes  the fo rm 

P c o : p , ( l - - e x p ~  zt) 

Thus,  we have obtained s imple  fo rmulas  for  de termining  the moving boundary location at any t ime  
and the p r e s s u r e  var ia t ion  at the outer  i m p e r m e a b l e  boundary.  

The author wishes  to thank M. A. Husse in -zade  for  helpful d iscuss ions  of the r e su l t s  of this study. 
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